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Abstract Let k be an algebraically closed field of characteristic > 2, F — k((t)) and 
G = §>p 2c c In this paper we propose a geometric analog of the Weil representation of the 
metaplectic group G(F). This is a category of certain perverse sheaves on some stack, 
on which G(F) acts by functors. This construction will be used in [TT] (and subsequent 
publications) for the proof of the geometric Langlands functoriality for some dual reductive 
pairs. 



1. Introduction 

1.1 This paper followed by [11] form a series, where we prove the geometric Langlands functo- 
riality for the dual reductive pair Sp 2n , S0 2m (in the everywhere nonramified case). 

Let k = Fq with q odd, set O = k[[t]] C F = k((t)). Write f2 for the completed module of 
relative differentials of O over k. Let M be a free O-module of rank 2d with symplectic form 
A 2 M — > O, set G = Sp(M). The group G(F) admits a nontrivial metaplectic extension 

1 -» {±1} -» G(F) -» G(F) -» 1 

(defined up to a unique isomorphism). Let ip : k — > Q| be a nontrivial additive character, let 
y : f2(F) — > Q| be given by x(w) = ^(Resw). Write = M ®Q for the Heisenberg group of M 
with operation 

(mi, ai) (7712,02) = (mi +m 2 , a\ + a 2 + -w(mi,m 2 )) m ; G M, Oj G 

Denote by 5^, the Weil representation of H(M)(F) with central character x- As a representa- 
tion of G(F), it decomposes S^^S^^dd © S^^ even into a direct sum of two irreducible smooth 
representations, where the even (resp., the odd) part is unramified (resp., ramified). 

The discovery of this representation by A. Weil in p3] had a major influence on the theory 
of automorphic forms (among numerous developpements and applications are Howe duality for 
reductive dual pairs, particular cases of classical Langlands functoriality, Siegel-Weil formulas, 
relation with L-functions, representation-theoretic approach to the theory of theta-series. We 
refer the reader to [3], [9], [7], [12], [13] for history and details). 

In this paper we introduce a geometric analog of the Weil representation S^. The pioneer- 
ing work in this direction is due to P. Deligne [2], where a geometric approach to the Weil 
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representation of a symplectic group over a finite field was set up. It was further extended by 
Gurevich-Hadani in [H[5]. The point of this paper is to develop the geometric theory in the case 
when a finite field is replaced by a local non-archimedian field. 

First, we introduce a /c-scheme Cd{M{F)) of discrete lagrangian lattices in M(F) and a 
certain /i 2 -gerb Cd(M(F)) over it. We view the metaplectic group G(F) as a group stack over 
k. We construct a category 

W(C d (M{F))) 

of certain perverse sheaves on £^(M(F)), which provides a geometric analog of S^ jeven . The 
metaplectic group G{F) acts on the category W{Cd{M{F))) by functors. This action is geometric 
in the sense that it comes from a natural action of G{F) on Cd{M{F)) (cf. Theorem [2]). 

The category W (C^M (F))) has a distinguished object Sm(f) corresponding to the unique 
non-ramified vector of S^ ;even . 

Our category W{Cd{M(F))) is obtained from Weil representations of symplectic groups 
Sp 2r (A:) by some limit procedure. This uses a construction of geometric canonical interwining 
operators for such representations. A similar result has been announced by Gurevich and Hadani 
in [4] and proved for d = 1 in [5]. We give a proof for any d (cf. Theorem [I]). When this paper 
has already been written we learned about a new preprint [6], where a result similar to our 
Theorem 1 is claimed to be proved for all d. However, the sheaves of canonical interwining 
operators constructed in loc.cit. and in this paper live on different bases. 

Finally, in Section 7 we give a global application. Let X be a smooth projective curve. Write 
f2x for the canonical line bundle on X. Let G denote the sheaf of automorphisms of O x ® 
preserving the natural symplectic form f\ 2 (O x © Q x ) — > Q,x- 

Our Theorem [3] relates Sm(f) with the theta-sheaf Aut on the moduli stack Bun^ of meta- 
plectic bundles on X introduced in [10]. This result will play an important role in 

1.2 Notation In Section 2 we let k = ¥ q of characteristic p > 2. Starting from Section 3 we 
assume k either finite as above or algebraically closed with a fixed inclusion ¥ q w k. All the 
schemes (or stacks) we consider are defined over k. 

Fix a prime £ ^ p. For a scheme (or stack) S write D(S*) for the bounded derived category 
of £-adic etale sheaves on S, and P(S') C D(S) for the category of perverse sheaves. 

Fix a nontrivial character ip : ¥ p — > Q|, write for the corresponding Artin-Shreier sheaf 
on A 1 . Fix a square root Qe(^) of the sheaf Q^(l) on SpecF g . Isomorphism classes of such 
correspond to square roots of q in (Q>£. 

If V — ► S and V* — > S are dual rank n vector bundles over a stack S, we normalize the 
Fourier transform Four^, : B(V) — ► B(V*) by Four^,(K) = {pv*)\{C£-ip ®Py^)N(f) 5 where 
pv,Pv* are the projections, and £ : V x$ V* — > A 1 is the pairing. 

Our conventions about Z/2Z-gradings are those of |10j . 
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2. Canonical intervening operators: finite field case 

2.1 Let M be a symplectic fc-vector space of dimension 2d. The symplectic form on M is denoted 
uj(-,-). The Heisenberg group H = M x A 1 with operation 

(mi,ai)(m 2 , a 2 ) = (mi + m 2 , a\ + a 2 + ^(mi,m 2 )) mi G M, Gtj G A 1 

is algebraic over fc. Set G = Sp(M). Write C(M) for the variety of lagrangian subspaces in 
M. Fix a one-dimensional fc- vector space J (purely of degree d mod 2 as Z/2Z-graded). Let A 
be the (purely of degree zero as Z/2Z-graded) line bundle over C(M) with fibre J ® detL at 
L G C(M). Write C(M) for the gerb of square roots of .A. The line bundle A is G-equi variant, 
so G acts naturally on C(M). 

For a Appoint L G C(M) write L° for a fc-point of C(M) over L. Write 

this is a subgroup of equipped with the character \L ■ L — * Q} given by xl(1, a) = tp(o,), 

I G L,a G fc. Write 

H L = {/ : JT(fc) Q £ | f(lh) = XL(l)f(h), for T E L,h € H} 

This is a representation of H (k) by right translations. Write S(H) for the space of all Q^-valued 
functions on H(k). The group G acts naturally in S(H). For L G C(M),g G G we have an 
isomorphism Hl — ► sending f to gf. 

The purpose of Sections 2 and 3 is to study the canonical interwining operators (and their 
geometric analogs) between various models TCl of the Weil representation. The corresponding 
results for a finite field were formulated by Gurevich and Hadani [4J without a proof (we give 
all proofs for the sake of completeness). Besides, our setting is a bit different from loc.cit, we 
work with gerbs instead of the total space of the corresponding line bundles. 

2.2 For Appoints L°,iV G C(M) we will define a canonical interwining operator 

F N o )L o : Hl —* 7~Ln 

They will satisfy the properties 

• f l°,l" = id 

• F ROjN o o F N o <L o = F K o )L o for any R°,N°,L° G C(M) 

• for any g G G we have g o F N o >L o o g~ l = F gN o gL o. 

• under the natural action of fi 2 on the set C(M)(k) of (isomorphism classes of) fc-points, 
Fn°,l° is °dd as a function of iV and of L°. 
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In (Remark [21 Section 3.1) we will define a function F cl on the set of ^-points of C(M) x 
C(M) x H, which we denote F N o ip(h) for h G H. It will realize the operator F N o by 

(Fjvo^o/)(/»i) = / F N0 ^{h x h^)f{h 2 )dh 2 
Jh 2 eH 

All our measures on finite sets are normalized by requiring the volume of a point to be one. 
Given two functions fi,f2'-H^Qi their convolution f\ * fi : H — > is defined by 



(/i*/ 2 )W 



/ h{hv~ l )h{v)dv heH 

Jv&H 



The function Fjyo will satisfy the following: 

• F N o y io(nhl) = XN(n)xLO-)FN°,L°{h) for I G Z, n G N, h G H. 

• F 9 N°,gLo(gh) = F N o iL o{h) for 5 G G, /j G H. 

• Convolution property: Frq^q = F R o N o * F N o^o for any R°,N°,L° G £(M). 

2.3 First, we define the non-normalized function Fjvi : f — * Qii if wm depend only on N, L G 
£(M), not ot their inhanced structure. 

Given N,L e C(M) let XiVL : ^V"Z — > <Q>£ be the function given by 

XNL(nl) = XN(n)xUl), 
it is correctly defined. Note that NL = LN but xnl / Xln in general. Set 



F N , L {h) 



XnlW, if h E NL 
0, otherwise 



Note that xll = XL- 

Given L, R, N G £(M) with iVnL = iVni? = 0, define 0(i?, iV, L) G Q £ as follows. There is 
a unique map b : L ^ N such that i? = {/ + b(l) G L ® N \ l G L}. Set 

9(R,N,L) = f ^(\u(l,b(l)))dl 

This expression has been considered in ([TO], Appendix B). 

Lemma 1. 1) Let L,N <E £(M). If L n iV = tfien F i)iV * jPjv,l = q 2d+1 h,L- 

2) Let L,R,N G £(Af) icitfc iVnL = iVni2 = 0. T/ien Fr jJV * Fjv,z, = q d+1 0(R, N, L)F R>L 
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Proof 2) Using L®N = N(BR = M, fovhEH we get 

(Fr, N * F N>L ){h) = q d+1 [ XRNihv-^XNL^dv = q d+1 [ X RN(h{-r, 0))xN L {r, 0)dr 

Jv£N\H JreR 

Because of the equivariance property of Fr^ * ^iv,£> we may assume h = (n, 0), n G N. We get 

(Fr, N * F NjL )(h) =q d+1 [ XRN{(n,0)(-r,0)) X NL(r,0)dr 

JreR 

= q d+l [ *P(u;{r,n))xNL(r,0)dr (1) 

JreR 

The latter formula essentially says that the resulting function on N is the Fourier transform 
of some local system on R (the symplectic form on M induces an isomorphism R^+ N*). This 
will be used for geometrization in Lemma [2j 

There is a unique map b : L — > N such that R = {I + b(l) £L(BN\l£L}. So, the above 
integral rewrites 

(F R , N * F NjL )(h) =q d+1 [ iP(u(l,n))xNL((l + b(l),0)dl = 

JieL 

q d+1 [ ^(u(l,n))xNLmi),^(lMl)m,0))dl = q d+1 [ if,(u(l, n) + b(l)))dl (2) 
JieL 1 JieL z 

Note that if R = L then 6 = and the latter formula yields 1). 

Let us identify N^L* via the map sending n G N to the linear functional / i— > uj{l,n). 
Denote by (-, •) the symmetric pairing between L and L*. By SublemmaQ] below, the value ([2]) 
vanishes unless n G (R + L) Pi N = Imb. In the latter case pick l\ G L with b(Ji) = n. Then 

XRL(n,0)=iP(~u J {l 1 ,b(l 1 )}) 

So, we get for L' = Ker b 

(FR, N *F N , L )(h)=q d+1+d ™ L 'x RL (h) [ iP(±u(l,b(l)))dl 

JleL/u z 

We are done. □ 

Sublemma 1. Let L be a d- dimensional k-vector space, b G Sym 2 L* and u G L*. View b as a 
map b : L —* L* , let L' be the kernel ofb. Then 

[ i;((l,u) + hl,b(l)))dl (3) 
JieL 1 

is supported at u G {L/L')* and there equals 

q^'^-h b -\ u )) f ip(hi, b (i)))di, 

Z J L/L' Z 
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where b : L/L' — > (L/L')*, so that b u E L/L'. (Here the scalar product is between L and L* , 
so is symmetric). 

Proof Let L' C L denote the kernel of b : L — > L*. Integrating first along the fibres of the 
projection L — > L/L' we will get zero unless it E (L/L')*. For any lo £ L the integral (|3j) equals 

/ ^((W o ,«)+J(Wo,6«+60o)))^ = ^((^«)+J('o,KW)) / m,u+b(l ))+\(l,b(l)))dl 
Assuming u E (L/L')* take ?o such that u = —b(lo). Then ([3]) becomes 

1>&{h,u)) [ ^{\{lMl)))dl 

We are done. □ 

Remark 1. The expression ([3]) is the Fourier transform from L to L*. In the geometric setting 
we will use 2) of Lemma [1] only under the additional assumption Rf] L = 0. 



3. Geometrization 

3.1 Let M, H, C(M) and C{M) be as in Section 2.1. Remind that G = Sp(M). For each 
L E C(M) we have a rank one local system xl on L = L x A 1 defined by xl = P r * £ip, where 
pr : L x A 1 —> A 1 is the projection. Let 7^ denote the category of perverse sheaves on H which 
are (L, x^)-equivariant under the left multiplication, this is a full subcategory in P(Lf). Write 
T)TCl C D(Lf) for the full subcategory of objects whose all perverse cohomologies lie in Hl. 

Denote by C — > C(M) (resp., C — > £(M)) the vector bundle whose fibre over L E £(M) is 
L (resp., L = L x A 1 ). Its inverse image to C(M) is denoted by the same symbol. 

Write Xc f° r the local system p*C^ on (7, where j? : C — > A 1 is the projection on the center 
sending (L E £(M), (I, a) E L) to a. Consider the maps 

pr, act /r :C xC x H -> £(M) x £(M) x H x H 

where act; r sends (fi £ N,l £ L, h) to (JV, L, n/iZ), and pr sends the above point to (N, L, /i). We 
say that a perverse sheaf K on £(M) x >C(M) x H is acti r -equivariant if it admits an isomorphism 

act* r K ^ pr* LT <8> prj Xc ® P r 2 Xc 

satisfying the usual associativity condition and whose restriction to the unit secton is the identity 
(such isomorphism is unique if it exists). One has a similar definition for C(M) x C{M) x H. 
Let 

act G : G x C(M) x C{M) x H —> C(M) x C(M) x H 
be the action map sending (g,N ,L , h) to 

(gN ,gL°,gh) 
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For this map we have a usual notion of a G-equivariant perverse sheaf on C(M) x C(M) x H. 
As G is connected, a perverse sheaf on C(M) x C(M) x admits at most one G-equivariant 
structure. 

If S is a stack then for K,F £ D(5 x if) define their convolution K * F £ D(S x by 
K * F = mult!(prt K pi* 2 F) ® (Q4l](^)) d+1 " 2dim£(M) , 

here prj : SxHxH^SxH is the projection to the i-th component in the pair H x H (and 
the identity on S). The multiplication map mult : H x H — > H sends (hi, /12) to hih,2- 
Let 

(£(M) x #) A ^ C(M) x H (4) 
be the closed subscheme of those (L £ £(M), /i £ i/) for which h £ L. Let 

a A : (£(M) x #) A -► A 1 

be the map sending (L, /i) to a, where h = (I, a), I £ L, a £ A 1 . Define a perverse sheaf 

F A = a * A £j, ® (Q,[l](i)) d+1+dim£ W 

which we extend by zero under ([!]). 

Since C(M) — > C(M) is a /i2-gerb, acts on each K £ D(£(M)), and we say that K is 
genuine if —1 £ //2 acts on as —1. 

Theorem 1. There exists an irreducible perverse sheaf F on C(M) x C(M) x H (pure of weight 
zero) with the following properties: 

• for the diagonal map i : C(M) x H — > C(M) x C(M) x H the complex i*F identifies 
canonically with the inverse image of 

F L ®(W\(\)t mCm 

under the projection C(M) xH-» C(M) x H . 

• F is act i r -equivariant; 

• F is G-equivariant; 

• F is genuine in the first and the second variable; 

• convolution property for F holds, namely for the ij-th projections 

q %j : C(M) x C(M) x Z(M) X H -» C(M) x C(M) x H 
inside the triple C(M) x C(M) x C(M) we have (q^F) * (Q23F) canonically. 
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The proof of Theorem [I] is given in Sections 3.2-3.4. 

Remark 2. In the case k = ¥ q define F d as the trace of the geometric Frobenius on F. 

3.2 Let U C C(M) x C(M) be the open subset of pairs (N, L) G £(M) x £(M) such that 
N n L = 0. Define a perverse sheaf Fjj on U x H as follows. Let 

a v : U x H -» A 1 

be the map sending (N,L,h) to a + ^u>(l,n), where I G L,n G AT, a G A 1 are uniquely defined 
by /t = (n + I, a). Set 

Ft; = ahC^ ® (Q,[l](I))dimH+2dim£(M) (5) 

Write U Xc(M) U C £(M) x £(M) x £(M) for the open subscheme classifying (R, N, L) with 
NnL = NnR = 0. Let 

<7i : *7 X£(A/) U->U 

be the projection on the i-th factor, so q% (resp., (72) sends (R, N, L) to (R, N) (resp., to (N, L)). 
Let q : U x C (M) U -> C(M) x £(M) be the map sending (R, N, L) to (R, L). Write 

(tf Xc(M) U) = q-\U) 

The geometric analog of 6(R, N, L) is the following (shifted) perverse sheaf on U *c(M) U. 
Let ire '■ C3 — > f7 X£( M ) {7 be the vector bundle whose fibre over (i?, A 7 , L) is L. We have a map 
j3 : C3 — > A 1 defined as follows. Given a point (R,N,L) G [7 x £(m) f > there is a unique map 
b:L^N such that i? = {/ + &(Z) G L AT = M \ I G L}. Set /?(#, AT, L, |) = b(l)). Set 

e = ( 7 r c ) ! /3*£ V) ®(Q,[l](i)) d 

Write Y = £(M) x C(M), let ^4y be the (Z/2Z-graded purely of degree zero) line bundle on 
Y whose fibre at (R, L) is det R <8> det L. Write Y for the gerb of square roots of Ay- Note that 
Ay is G-equivariant, so G acts on Y naturally. 

The following perverse sheaf Sm on Y was introduced in ([ID], Definition 2). Let Y C Y be 
the locally closed subscheme given by dim(i? H L) = i for (R,L) G Yj. The restriction of Ay 
to each Yj admits the following G-equivariant square root. For a point (R,L) G Y we have an 
isomorphism L/(R n L)^* [R/ (R n L))* sending / to the functional r 1— ► uj{r,l). It induces a 
Z/2Z- graded isomorphism det i? <g> det det(i? n L) 2 . 

So, for the restriction Y of the gerb Y — ► Y to Y we get a trivialization 

i«^x%) (6) 

Write W for the nontrivial local system of rank one on 5 (^2) corresponding to the covering 
Spec k — > B(/j,2). 



8 



Definition 1. Let SM,g (resp., Sm,s) denote the intermediate extension of 

(Q,K^)®(Q,[l](i)) dimy 

from Y to Y (resp., of (Q e M W) ® {Q e [l](±)) dimY ~ l from Yi to Y). Set 5 M = S M , g © Sm, s . 
Let 

Try : U x £(M) 17 -» Y 

be the map sending (R, N, L) to 

(R,L,B,e: B 2 ^ deti?® detL), 

where 23 = detL and e is the isomorphism induced by eo- Here eo : L^iR'is the isomorphism 
sending Z G L to I + b{l) G i?. In other words, eo sends Z to the unique r £ R such that r = Z 
mod N £ M/N. Write also U = Y . 
Define £ G D (Spec A;) by 

f = Rr c (A 1 ,/5 *£ v ,)®Q,[l](i), 

where /?o : A 1 — ► A 1 sends x to x 2 . Then £ is a 1-dimensional vector space placed in cohomo- 
logical degree zero. The geometric Frobenius Fi^ q acts on £ 2 by 1 if —1 € (F*) 2 and by — 1 
otherwise. A choice of y/—l G Zc yields an isomorphism £ 2 ^Q^, so f 4 ^^ canonically. 
As in (|10|. Proposition 5), one gets a canonical isomorphism 

n* Y (s M , g ®s d ® s M , s © £ d - 1 )^@ ® (WK^)) 2dim£(M) (7) 

Since d > 1, the restriction 7ry : (Z7 x-c(M) U)q —* Z7 is smooth of relative dimension dim£(M), 
with geometrically connected fibres. It is convenient to introduce a rank one local system 0j/ 
on Z7 equipped with a canonical isomorphism 

e^vr^et; (8) 

over (U X-c(M) U)q. The local system Qjj is defined up to a unique isomorphism. 

Let %\j : Z7 — > Z7 X/vm) Z7 be the map sending (L,N) to (L,N,L). Let pi : Z7 — > £(M) be 
the projection sending (L, AT) to L. 

Lemma 2. 1) The complex 

(^)*(^)®(Q4i](^)) dim£(M) 

is an irreducible perverse sheaf on U ~Kc(M) U x H pure of weight zero. We have canonically 

iUillFu) * (q*2Fu))^plF A (Q,[l](^)) dim£(M) 
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over U x H. 

2) There is a canonical isomorphism 

(qlF u )*(q*F u )^q*F u ®e 

over (U x £(A/) U) x H. 

Proof 1) Follows from the properties of the Fourier transform as in Lemma dj formula ([I]). 
2) The proof of Lemma [1] goes through in the geometric setting. Our additional assumption that 
(R, N, L) G (U XctM) U)o means that b : L — > N is an isomorphism (it simplifies the argument 
a little). □ 

Remark 3. Let z A : £{M) — > Y be the map sending L to (L,L,B = detL) equipped with the 
isomorphism id : B 2 ^ det L (g) det L. The commutative diagram 

U ^ Ux c(M) U 

I Pl I Try (9) 

£(M) ^4 Y 
together with ([7]) yield a canonical isomorphism 

r (Q4l](i)) 2dim£ ( M )" d , d is even 

( £ x - d ® (Qe[l](^)) 2dimC(M) ~ d , d is odd 
3.3 Consider the following diagram 

U & (U x c{M) U) % U 

u 

Here q is the restriction of iry, and the map (ft is the lifting of qi defined as follows. We set 
qi{R, N, L) = q(R, L, N) and q 2 (R, N, L) = q(N, R, L). 

The following property is a geometric counterpart of the way the Maslov index of (R, N, L) 
changes under permutations of three lagrangian subspaces. 

Lemma 3. 1) For i = 1,2 we have canonically over (U x-c(M) U)o 

q*e v 0q*&U^Qe 
2) We have & 2 J ^ : i£ 2d canonically, so Qfj^Qe canonically. 

Proof 1) The two isomorphisms are obtained similarly, we consider only the case i = 2. For 
a point (R,N,L) £ (U X/ym) U)o we have isomorphisms b : N and bo : L^R such that 
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R = {I + b{l) | I £ L} and N = {I + 6 (0 \ I e L}. Clearly, 6 H) = J + 6(0 for I £ L. Let 
@2 '■ L x L — > A 1 be the map sending (Z, Zo ) to ^uj(l,b(l)) + ^uj(l,bo(l)). We must show that 

Rr c (L x L,^C^Q e [2d](d) 

The quadratic form (I, Iq) \— > u>(Z, 6(Z)) —uj(Io, b(lo)) is hyperbolic on L©L. Consider the isotopic 
subspace Q = {(Z,Z) G L x L \ I £ L}. Integrating first along the fibres of the projection 
L x L — > [L x L)/Q and then over (L x L)/Q, one gets the desired isomorphism. 
2) This follows from (|ZJ). □ 

Define a perverse sheaf F[/ on J7 x F by 

F/ = pr^ @u ®F V , 

it is understood that we take the inverse image of Fry under the projection U x H — > U x H 
is the above formula. Let F be the intermediate extension of Fjj under the open immersion 
U x H c Y x H. 

Remark 4. In the case d = we have H = A 1 and Y" = F(/X2). In this case by definition 
F = W El £^ (8) Q4l](|) over Y x H = J3(jt 2 ) x A 1 . 

Combining Lemma [3] and 2) of Lemma El we get the following. 

Lemma 4. We have canonically {q\Fu) * (^Fy)— > Q*Fu ® £ 2d over (Z7 X£( A/ ) [7)q x H. 

We have a map f : £{M)x£{M) -> Y sending (Si, JV, 0? =?J"®det iV; B 2 , F B§ ^JOdet L) 
to (iV, L, £>), where B = B\ ® £>2 <8> c7 _1 is equipped with the natural isomorphism £> 2 ^ det iV (g> 
det L. The restriction of F under 

f x id : £(M) x £(M) x H ^Y x H 

is also denoted by F. Clearly, F is an irreducible perverse sheaf of weight zero. 
Consider the cartesian square 

(U x c{M) U)o x H ^ (U x c(M) U) x H 

I TTyXid I 7TyXid 

U X H ^ Y X H 

This diagram together with Lemma [2] yield a canonical isomorphism over (U Xc(M) U) x H 

(Try x id)*F^ {qlFu) * (q* 2 Fu) (10) 

by intermediate extension from (U XjC(M) U)o x H. This gives an explicit formula for F. 
Consider the diagram 

U x H 4c/ 4 id U x c{M) U x H 

| pixid I TryXid 

C{M) x H lA 4 d Y x H 
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obtained from by multiplication with H. By Lemma [2] and (jlOp . we get canonically 

(Pi x id)*(i A x id)*i^( Pl x id)*L A (Q4l](^)) dim£(M) 

Since L A is perverse and p\ has connected fibres, this isomorphism descends to a uniquely defined 
isomorphism 

(i A x id)*F^F A ® (Q f [l](^)) dim£(M) 

By construction, L is act; r -equivariant and G-equivariant (this holds for Fy and this property 
is preserved by the intermediate extension). 

3.4 To finish the proof of Theorem [H it remains to establish the convolution property of F. We 
actually prove it in the following form. 

Write Y Xmm) Y f° r the stack classifying R,N,L G C(M), one dimensional k- vector spaces 
B%,B 2 equipped with isomorphisms B\ ^> det R (g> det N and B\ ^> det N <g) det L. We have a 
diagram 

^ ^x £(M) y 

Y, 

where t\ (resp., t 2 ) sends the above collection to (R,N,B\) G Y (resp., (N,L,B 2 ) G The 
map t sends the above collection to (R, L, B), where B = B\ ® B2 <8> (det iV) _1 is equipped with 
B 2 ^ det i?(g) detL. 

Proposition 1. There is a canonical isomorphism over {Y X~c(M) Y) x H 

(t;f)*(t;f)^t*f (11) 

Proof 

Step 1. Consider the diagram 

(U x c[M) U) qi ^ 2 (U x c(M) U) 

u 

It becomes 2-commutative over Spec ¥ q (\/—l). More precisely, for K G D(C7) we have a canonical 
isomorphism functorial in K 

q*K®£ 2d ^{q 1 x q 2 )*T*K 

Indeed, let (R,N,L) be a fc-point of (U y~c(M) U)o, let (R, N, L, Bi,B 2 ) be its image under 
q x xq 2 . So, Bi = detiV andvr y ( J R,L,iV) = (R,N,Bx), B 2 = detL and 7ry(iV, R, L) = (N,L,B 2 ). 
Write 

t(R,N,L,B!,B 2 ) = (R,L,B,S: B 2 ^ det R® detL) 
Write g(-R, TV, L) = (R, L, 6, <5 : B 2 ^ det i? ® det L). It suffices to show that 5 = (-l) d 5. 



12 



Let ei : N^iR be the isomorphism sending n £ N to r £ R such that r = n mod L. Write 
62 : L^i N for the isomorphism sending Z £ L to n £ iV such that Z = n mod -R. Let eo : L^i R 
be the isomorphism sending I £ L to r £ R such that r = Z mod iV. We get two isomorphisms 

id <g> det e , det ei ® det e 2 : det JV <8) det det i? <g> det AT 

We must show that id®deteo = (— l) d detei (8) det €2- Pick a base {ni, . . . in JV. Define 
Ti £ R,li £ L by rij = rj + Zj. Then 

ei(nj) = r-j, e 2 (Z;) = n i; e (Zj) = -r; 

So, eo(Zi A . . . A la) = (— l) d ri A ... A r^. On the other hand, det e\ <8> det e 2 sends 

(rai A . . . A n d ) ® (h A . • • A Z d ) 

to (ri A ... A rd) [n\ A ... A n d ). 

Step 2. The isomorphism © for i = yields (U Xc(M) U)o~ > (U Xc(M) U)o X B(fj, 2 ) X B{fx 2 ). 
The corresponding 2-automorphisms fi 2 x of (Y x c(M) Y) act in the same way on both sides 
of (jlip . Now from Step 1 it follows that the isomorphism of Lemma H] descends under q\ x q 2 to 
the desired isomorphism (fTTj) over (Z7 ><c(M) U)o x iJ. 

Step 3. To finish the proof it suffices to show that (t^F) * (t£F) is perverse, the intermediate 
extension under the open immersion 

(U x C (M) U) Q xHc (Y x c(m) Y)xH 

Let us first explain the idea informally, at the level of functions. In this step for (iV, R, B) £ Y 
we denote by Fn,r,b '■ H — > Qt the function trace of Frobenius of the sheaf F. 

Given (R,N,'b[) £ Y and {N,L,B 2 ) £ Y pick any S,T £ C(M) such that (R,S,N) £ 
U x C (M) U, (N, T, L) £ U X £(M ) U and S n T = S D L = 0. Assuming 

(R,N,B 1 )=tt y (R,S,N) and (AT, L, B 2 ) = vr y (AT, T, L), 

by ([TO]) we get 

Fr,n,Bx * Fn,l,b 2 = (Fr,s * Fs,n) * {F N , T * F t> l) = q d+1 6(S, N, T)F R>S * F S , T * F T , L 

= q 2d+2 9(S, N, T)9(S, T, L)F R , S * F S , L = q 2d+2 6(S, N, T)6(S, T, L)F R>L>B , 

where (R,L,B) = tty(R, S, L). Now we turn back to the geometric setting. 

Step 4. Consider the scheme W classifying (R,S,N) £ U Xn M \ U and (N,T,L) £ U Xn M \ U 
such that S n T = S n L = 0. Let 

k:W^Y x c(m) Y 
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be the map sending the above point to (R, N, L, 81,82), where (R,N,8\) = ity(R, S, N) and 
(N,L,82) = tty(N, T, L). The map k is smooth and surjective. It suffices to show that 

k*((tZF)*(t*F)) 

is a shifted perverse sheaf, the intermediate extension from ><c(m) U)o- 

Let /j, : W — > U ><c(M) U be the map sending a point of W to (.R, S 1 , L). Applying (fTU|) several 
times as in Step 3, we learn that there is a local system of rank one and order two, say I on W 
such that 

«*((7i*F) * (r 2 *F))^X(8)/x*7r^F 
Since i* 1 is an irreducible perverse sheaf, our assertion follows. □ 
Thus, Theorem Q] is proved. 

3.5 Now given /c-points N°,L° G C(M), let F N o L o G D(#) be the *-restriction of F under 
(JV°, L°) x id : H x H. Define the functor J^o^o : DH L -> DWtv by 

Fn q ,l°{K) = F N o jL o * K 

To see that it preserves perversity we can pick S° G C(M) with NnS = LnS = and use 
F N o L o = F N o s o o F s o L o. This reduces the question to the case N n L = 0, in the latter case 
J-j^o ip is nothing but the Fourier transform. 

By Theorem [TJ for N°,L°,R° G C(M) the diagram is canonically 2-commutative 

DH L R -4 L BH R 

3.6 NONRAMIFIED WEIL CATEGORY 

For a fc-point L° G £(M) let i L o : £(M) -> £(M) x £(M) x # be the map sending iV° to 
(N°, L°, 0). We get a functor ^" L o : DW L -► D(£(M)) sending if to the complex 

i* L0 (F * pr^ K) ® mi](\)) A " mC{M) - 2d - 1 

For any ^-points L°,N° G C(M) the diagram commutes 

DW L ^4° D(£(M)) 

One checks that J^o is exact for the perverse t-structure. 
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Definition 2. The non-ramified Weil category W(C(M)) is the essential image of Tl '■ Hl — ► 
P(£(M)). This is a full subcategory in P(£(M)) independent of L°, because (|12p is commutative. 

The group G acts naturally on C(M), hence also on P(£(M)). This action preserves the full 
subcategory W(C(M)). 

At the classical level, for L G £{M) the G-respresentation Tti J —>'HL,odd ®T~(-L,even is a direct 
sum of two irreducible ones consisting of odd and even functions respectively. The category 
W(C(M)) is a geometric analog of the space HL,even- The geometric analog of the whole Weil 
representation TCl is as follows. 

Definition 3. Let act^: C x H -> £(M) x iJ be the map sending (L°,h,l G Z) to (L°,lh). A 
perverse sheaf if G P(£(M) x if) is (C, Xc)' e Q u ^ var "^ an ^ if h is equipped with an isomorphism 

act* if ^> pr* if (8) pr^ 

satisfying the usual associativity property, and whose restiction to the unit section is the identity. 

The complete Weil category W{M) is the category of pairs (K,a), where K G P(£(M) x H) 
is a (C, Xc*)" e Q u ivariant perverse sheaf, and 

a : F*pr*, 3 if ^ pv* 13 K 

is an isomorphism for the projections pri3,pr 2 3 : C(M) x C(M) x H — * C{M) x H. The map a 
must be compatible with the associativity constraint and the unit section constraint of F. 

The group G acts on C(M) x H sending (g G G,L°,h) to (gL°,gh). This action extends to 
an action of G on the category W(M). 

4. Compatibility property 

4.1 In this section we establish the following additional property of the canonical interwining 
operators. Let V C M be an isotropic subspace, V 1 - C M its orthogonal complement. Let 
C(M) V C C(M) be the open subscheme of L G £(M) such that L n V = 0. Set M = V" 1 /V- 
We have a map py ■ C(M)y — ► £(M ) sending L to Ly := L n ^" L ^ 

Write Y = C(M) x £(M) and Yy = £(M)y x £(M)y. The gerb F is defined as in Section 3.2, 
write Yy for its restriction to Yy. Set Fo = £(Mo) x £(Mq), we have the corresponding gerb Fo 
defined as in Section 3.2. We extend the map py x py to a map 

Try : Fy - F 

sending (Li,L<2,B, B 2 ^ detLi ® deti^) to 

(Li,v, -^2,y , £>o, £>q det Liy tg) det L 2 y ) 

Here L^y = Lj n V 1 - and So = B ® det V. We used the exact sequences 

-» L^y -» ^ -» M/V^ -» 
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yielding canonical (Z/2Z-graded) isomorphisms det L^y % det V* ^ det Lj. 

Write Hq = Mq © k for the Heisenberg group of Mq. For L G £(M)y we have the categories 
Hl and Wl v of certain perverse sheaves on H and Hq respectively. To such L we associate 
a transition functor T L : Hl v TLl which will be fully faithful and exact for the perverse 
t-structures. 

Write for brevity H v = V 1 - x A 1 . First, at the level of functions, given / 6 TCl v consider 

it as a function on H v via the composition H v Hq — ► (Q>£, where ay sends (v, a) to (v 
mod V, a). Then there is a unique fieH L such that /i(m) = q dimV f(m) for all m £ H v . We 
use the property y 1 - + L = M. We set 

{T L )(f) = h (13) 

The image of T L is 

{/i e H L I f(h(v, 0)) = /(/i), heH,veV} 

Note that C H is a subgroup, and V = {(^,0) G u G C is a normal subgroup 

lying in the center of H v . The operator T L : Hl v — ► TLl commutes with the action of H v . It 
is understood that on Hl v this group acts via its quotient H v °^ Hq. 

On the geometric level, consider the map s : L x H v — ► H sending (I, (v,a)) to the product 
in the Heisenberg group (I, 0)(v, a) £ H. Note that s is smooth and surjective, an affine fibration 
of rank dim Ly. Given K G TCl v there is a (defined up to a unique isomorphism) perverse sheaf 
T L K £H L equipped with 

s*(T L K) © (Q£[l](^)) dimLv - B oyLT © (Q4l](^)) dimy+dimL 
The compatibility property of the canonical interwining operators is as follows. 

Proposition 2. Let (L,N,B) G Yy> wiie (Ly,iVy><6o) / or ^ e image of (L, N,B) under Try. 
Write ^n ,l '■ Hl — ► Wat and Fjqo^ : TCl v — ► Wat v /or i/ie corresponding functors defined as 
in Section 3.5. Then the diagram of categories is canonically 2-commutative 

Hl v — ► 

J.JV 

HjVy — > Hjy 

One may ako replace TL by DTC in the above diagram. 



4.2 First, we realize the functors T L by a universal kernel, namely, we define a perverse sheaf T 
on C{M)y x H x Hq as follows. 

Remind the vector bundle C — > £(M), its fibre over L is L = L x A 1 . Write Cy for the 
restriction of (7 to the open subscheme C(M)y. We have a closed immersion 

i :C v xH v ^ C(M) V x H x H 
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sending (I 6 L,« £ H v ) to (L, lu, ay (u)), where the product lu is taken in H. The perverse 
sheaf T is defined by 

T = (i )i Wl Xc ® (Q4 1] ( ^ ) ) dim ^ +dim V+dim ^° , 

here pr x : Cy x iT y — > Cy is the projection, and \c was defined in 3.1. 

For L G £(M)y let T L be the *-restriction of T under (L, id) : H x ff -> £(M)y x H x H . 
Define T L : DH Lv -► DW L by 

T L (tf)^ p ri! (T L ® pr^) (Q4l](I))dimy-<i-dim£ W (14) 

for the diagram of projections H ^ H x Ho^-> Hq. It is exact for the perverse t-structures. 

The sheaf T has the following properties. At the level of functions, the corresponding function 
Tl : H x Hq — ► satisfies 

T L (lh,l h ) = XL(l)XL v (lo)~ 1 TL(h, h ), I £ L,I £ L v 

The geometric analog is as follows. Let °C — > £(M)y be the vector bundle, whose fibre over 
L G £(M)y is L x Ly. Consider the diagram 

V _ act v 

C(M) V x H x H p <- °C x H x H -i r C{M)y x H x H , 

where pr v is the projection, and act^ sends 

(L G C(M) v ,l G L,l e Ly, he H,h £ H ) 

to (L, Ih, l h ). Let °p : °C -> A 1 be the map sending 

(L G C(M) v ,l£ L,lo G Ly) 

to p(l) — p(Jo)- Here p : L —> A 1 and p : Zy — ► A 1 are the projections on the center. Set 
°X = (°p)*£ip- Then T is act^- equivariant, that is, it admits an isomorphism 

( aC tlyT^(pr v rT0pTlCx), 

satisfying the usual associativity property, and its restriction to the unit section is the identity. 
4.3 We will prove a geometric version of the equality (up to an explicit power of q) 

/ F N o L o(hu~ 1 )T L (u,h )du = / T N (h, v)F N o L o (v h Q 1 )dv 
JueH JveHo v ' v 

for h£H,h £ Ho. Here {N°, L°) G Yy and 

(N V ,L V )=MN°,L ) 
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Write inv : H^H for the map sending h to h , set mv F = (id x inv)*F for id x inv : 
Y x H — > Y x . For i = 1, 2 write : Yy — * £{M)y for the projection on the i-th factor. Let 
qo denote the composition 

Y v xHxH P ^ Yy x H ^ Y x tf 
Proposition [2] is an immediate consequence of the following. 
Lemma 5. There is a canonical isomorphism over Yy x H x Hq 

(prl 2 F) * H (p 2 x id)*T^ (q* o r v F)) * Hq fa x id)*T 
where pr 12 : Yy x # x #0 - > Yy x H and p\ X id, p2 X id : Yy X H X i?o — > C{M)v X H X Hq. 

Let iy : JT^ If be the natural closed immersion. It is elementary to check that Lemma [5] 
is equivalent to the following. 

Lemma 6. There is a canonical isomorphism of (shifted) perverse sheaves 

(id xay)d v F^ (7Ty X id)*F ® (Q4l](I)) dim - rcl ^v)+dim v ( 15 j 

for the diagram 

YyX H V %YyXH 
I idxay 

Y xH ^ id YyxH 

Proof Write U(Mq) for the scheme U constructed out of the symplectic space Mq, it classifies 
pairs of lagrangian subspaces in Mq that do not intersect. We have a 2-commutative diagram 

U(M )x c{Mo) U(M ) V* Wy % Ux c[M) U 

Y £ Yy 

where the square is cartesian thus defining Wy,7T\y, and nyy- The map ijy is a locally closed 
immersion. Write a point of Wy as a triple (N,R,L) G C(M) such that iV, L G £(M)y, 
FcfiC y- 1 , and iVni? = i?nL = 0. The map vr^y sends (N,R,L) to (AV,#y,£y) with 
fl v = fl/V. 

Let us establish the isomorphism p5|) after restriction under 7Tyy x ay : Wy x i? 17 — ► Yy x i?o- 
We first give the argument at the level of functions and then check that it holds through in the 
geometric setting. 

Consider a point of Wy given by a triple (N, R, L) G £(M), so N, L G £(M)y, V C i? C V- 1 , 
and iVni? = Rf)L = 0. We have V L = R®Ly. Let /i G write /i = (r,a)(h,0) for uniquely 
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defined r G R, h G L v , a G fe. Write (iV , L°) G Fy for the image of (N, R, L) under iryy- Using 
CEO]), we get 

F N O tL o(h(v,0))dv = gdim£(M)-4±i /" F iv>ii (u)F i i !i (u- 1 / i ( W ,0))^« = 

«ev Jvgv,u£H 

qdhaC (M)+*±i f F NtR ( U )F R>L (u- 1 (r,a)(v,0))dvdu = 

Jvev,ueH/R 

qdimCm+ *±± j F N , R (l,0)F R , L ((-l,0)(r,a)(v,0))dvdl 
Jvev,i£L 

Since (— 1, 0)(r + v, a) = (r + v, a + u(r + v, 1, 0), the latter expression equals 

H / F JV) ii(i,0)V(o + w(r + «,Z))dt;dl = g diiaV -5 / F N;R (l,0)i;(a + u(r,l))dl 

JveV,leL Jl&Ly 

For I e L v we get F NyR (l,0) = q dimC ^- dimC ^~ dimV F Nv)Rv (l, 0). Indeed, since V x = 
© iVy, there are unique ri G R, n% G iVy such that i = ni + ri. For 77 = ri mod V £ Mq we 
get 

Fn,rM = q - dimC{M) - 2 -^XNR(l,0) = g- dto ^-^(^(n,n 1 » = 

f dta£W -^(^m,0) = g dim£ ( M «)- dim£ ( A/ )- dimy F^, flv ,(/,0) 
Further, we claim that 

^,L v ((-?,0)ay(/ l ))=r dim£(Mo) -^ Sl ^(a + ^(r,0) 

This follows from definition © of Fjj and the formula (— /, 0)(r, a) = (r, a + cj(r, 0). 
Combinig the above we get 

F N o iLO (h{v,0))dv = q c f F NviRv (l,0)F RvtLv ({-l,0)a v (h))dl = 



c+dim V—d—1 



FN v ,Rv(u)F RvtLv (u 1 aty(h))du 

u£H 



with c = dim ^ ~ d + 2dim£(M ) - dim£(M). By (JTUJ), the latter expression identifies with 
F N o L o (h) up to an explicit power of q. 

The argument holds through in the geometric setting yielding the desired isomorphism 7 
over Wy x H v . For any point (Ny,LyBo) G Yq such that Ny / Ly the fibre of 7ry over this 
point is geometrically connected. So, for dim V < d the isomorphism 7 descends to a uniquely 
defined isomorphism (|15p . The case dimV = d is easier and is left to the reader. □ 
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Remark 5. Let in : Spec/c denote the zero section. Arguing as in Lemma [6l for the map 

id xijj : Y — > Y x H one gets a canonical isomorphism 

(id Xi H )*F^(S M ,g ®£ d ® S M ,s ® f ® (Q£[l](^)) dimH , 

it will not be used in this paper. 

4.4 The functors T L satisfy the following transitivity property. Assume that V\ C V is another 
isotropic subspace in M. Let Mi = V-y jV\ and i?i = M\ x A 1 be the corresponding Heisenberg 
group. Then for L G £(M)y we also have Lvi := Lfl and the category T~Cl Vi of certain 
perverse sheaves on H\. Then the diagram is canonically 2-commutative 

7~Il v — ► 

n L 

4.5 We will need also one more compatibility property of the canonical interwining operators. 
Let V C V 1 - C M be as in 4.1. Write ioy '■ C{Mq) — > £(M) for the closed immersion sending 
Lo to the preimage of L under V x -> F ± /F. 

For L G £(M) with F C L set Ly = L/V G £(M ). Let (£(M ) x £(M)y)~ denote the 
restriction of the gerb Y under 

£(M ) x £(M)y 4 °'^ ld £(M) x C(M) V c Y 

Define 7T ,y : (£(M ) x £(M)y)~ -> Y as the map sending (L, AT, 0, £ 2 det L ® det iV) to 

(Ly, AV,i3,# 2 ^ detLy ®det AV) 

Here L G £(M) with V C L. We have used the canonical Z/2Z-graded isomorphism detL ® 
det AT =J det Ly ® det AV . 

Remind the closed immersion iy : H v -ff. For L G £(M) with V C L define the transition 
functor T L :Hl v — ► by 
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dim V 



r^(iir) = *Viav-K"®(Q<[l](-)) 

The proof of the following is similar to that of Proposition [2] and is left to the reader. 

Proposition 3. Let (L,N,B) G (C(Mq) x£(M)y), let (Ly,Ny,B) denote its image under ir^y . 
Write J-^jo ip : TCl — > ~Hn and J-jyo l° f or ^ e corresponding functors defined as in Section 3. 5. 
Then the diagram of categories is canonically 2-commutative 

7~(-l v — ► 7~(-l 

rpN 

Hn v — * 7~Ln 
One may also replace TL by DTC in the above diagram. □ 
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5. Discrete lagrangian lattices and the metaplectic group 

5.1 Set O = k[[i\] C F = fc((i)). Denote by Vt the completed module of relative differentials of 
O over k. Let M be a free O-module of rank 2d with symplectic form A 2 M — ► fi. Write G for 
the group scheme over Spec of automorphisms of M preserving the symplectic form. Consider 
the Tate space M(F) (cf. [I], 4.2.13 for the definition), it is equipped with the symplectic form 
(m 1 ,m 2 ) i— > Res w(mi, 7712). 

For a /c-subspace L C M(F) write 

L- 1 = {m € M(F) I Resu(m, Z) = for all I G L} 

For two fc-subspaces L\,L<2 C M we get (Li + -Z^) -1- = D L§" ■ For a finite-dimensional 
symplectic /c-vector space £/ write £(£/) for the variety of lagrangian subspaces in U. 

As in loc.cit, we say that an O-submodule R C M{F) is a c-lattice if M(—N) C Rc M{N) 
for some integer iV. A lagrangian d-lattice in M(F) is a /c-vector subspace L C M(F) such that 
L -1 - = L and there exists a c-lattice i? with RnL = 0. Note that the condition RnL = implies 
-R- 1 + L = M(F). Let C d (M{F)) denote the set of lagrangian d-lattices in M(F). 

For a given c-lattice i? C M(F) write 

C d {M(F)) R = {L£ C d (M(F)) \ LnR = 0} 

If i? is a c-lattice in M(F) with R C i? -1- then Cd(M(F))n is a naturally a /c-scheme (not of 
finite type over k). Indeed, for each c-lattice R\ C R we have the variety 

C(Rt/Ri) R := {In G £(Ri/Ri) | Li n R/R x = 0} 

For i?2 C Ri C i? we get a map Pij 2 ,fli : £(-^2 '/R2)r ~^ £{R\ / Ri)r sending L2 to 

L 1 = (L 2 n(Ri/R 2 )) + R 1 

The map Pr 2 ,r 1 is a composition of two affine fibrations of constant rank. Then Cd{M(F))n is 
the inverse limit of £(R^/Ri)r over the partially ordered set of c-lattices R\ C ii. 

If R' C i? is another c-lattice then Cd{M{F))n C Cd{M{F))ni is an open immersion (as it 
is an open immersion on each term of the projective system). So, £d{M{F)) is a fc-scheme that 
can be seen as the inductive limit of Cd(M(F))n. 

Let us define the categories P(£d(M(F))) and ¥q(q\(C,i(M{F))) of perverse sheaves and 
G(0)-equivariant perverse sheaves on Cd(M(F)). 

For r > set 

r C d {M(F)) = C d (M{F)) M{ _ r) , 

the group G(0) acts on r C d (M(F)) naturally. First, define the category D G ^( r C d (M(F))) as 
follows. 

For N + r >0 set N , r M = t~ N M/t r M. For N > r > the action of on r C( N>N M) := 

C( N<N M) M{ _ r) factors through G(0/t 2N ). For n > 2A^ the kernel 

Ker(G(0/t ri )) -> G{0/t 2N )) 
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is unipotent, so that we have an equivalence (exact for the perverse t-structures) 

^G(0/f 2N )(r^(N,NM)) — »■ D G (o/ t n)(r^(iV,ArM)) 

Define D G ^( r £(iy^M)) as D G ^Q/ t r 1 -j( r £( NtN M)) for any n > 2N. It is equipped with the 
perverse t-structure. 

For N\ > N > r > the fibres of the above projection 

V ■ r C( Nl!Nl M) -> r £{ N>N M) 

are isomorphic to affine spaces of fixed dimension, and p is smooth and surjective. Hence, this 
map yields transition functors (exact for the perverse t-structures and fully faithful embeddings) 

Vg(0)(vC(n,nM)) D G{0) { r £{ NuNl M)) 

and 

D( r C( N , N M)) -► D( r £( 7Vli7Vl M)) 

We define D G ( )( r £d(M(F))) as the inductive 2-limit of T) G tQ\{ r £{^^M)) as A 7 goes to plus 
infinity. The category D( r £ d (M(F))) is defined similarly. Both they are equipped with perverse 
t-structures. 

If N\ > N > n > r > we have a diagram 

r C( NltNl M) rC{ N)N M) 

I 3 I 3 

n^'{N 1 ,N 1 M) — > ri £(Ar 5 ArM), 

where j are natural open immersions. The restriction functors j* : T>Q^( ri C(N,N^)) — > 
^G(0)(r£(N,NM)) yield (in the limit as N goes to plus infinity) the functors 

f ri , r •■ B G(0) ( ri C d (M(F))) -+ D G[0) ( r £ d (M(F))) 

of restriction with respect to the open immersion j ri r : r £ d (M(F)) ri £ d (M(F)). Define 
^G(0)(£d(M(F))) as the projective 2-limit of 

D G{(D) ( r £ d (M(F))) 

as r goes to plus infinity. Similarly, P G / \(£ d (M(F))) is defined as the projective 2-limit 
of P G ^( r £ d (M(F))). Along the same lines, one defines the categories P(£ d (M(F))) and 
D(£ d (M(F))). 

5.2 Relative determinant For a pair of c-lattices Mi,M 2 in M(F) define the relative de- 
terminant det(Mi : M 2 ) as the following Z/2Z-graded 1-dimensional fc-vector space. If R is a 
c-lattice in M(F) such that R C M x n M 2 then 

det(Mi : M 2 )^ det(Mi/i?) ® det(M 2 /R)~ 1 , 
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it is defined up to a unique isomorphism. 

Write Gr G for the affine grassmanian G{F)/G{0) of G (cf. [Ij, Section 4.5). For R G 
Gvq,L £ C d (M(F)) define the relative determinant det(i2 : L) as the following (Z/2Z-graded 
purely of degree zero) 1-dimensional vector space. Pick a c-lattice R\ C R such that R\ n L = 0. 
Then in R^ /R\ one gets two lagrangian subspaces R/R\ and Lf> 1 := L n i?^. Set 

det(i? : L) = det(i?/i2i) <g> det(L fll ) 
If i?2 C R\ is another c-lattice then the exact sequence 

L Rl L n i^/i^ 

yields a canonical Z/2Z- graded isomorphism 

det (i?/i? 2 ) ®det(LR 2 )^ det(j?i/jR 2 ) ® det(i?/ J Ri) (8) det(L fll ) det (i^/i^)^ 

det^/^i) (8) det (L^ ) 

So, det(i? : L) is a Z/2Z-graded line defined up to a unique isomorphism. Another way to say 
is as follows. Consider the complex R® L A M(F) placed in cohomological degrees and 1, 
where s(r,l) = r + I. It has finite-dimensional cohomologies and 

det(i? : L) = det(i? L A M(F)) 

For g € G{F) we have canonically 

det (pi? : gL)^ det(R : L) 

For i?i,i?2 G Gr<3, L G £ d (M(F)) we have canonically 

det(i?i : L)^> det(i?i : i? 2 ) det(i? 2 : £) 

5.3 Write A d for the line bundle on C d {M(F)) with fibre det(M : L) at L e C d {M(F)). 
Clearly, ^ is G(0)-equivariant, so we may see ^ as the line bundle on the stack quotient 
C d {M(F))/G(0). Let C d (M{F)) denote the ^ 2 -gerb of square roots of A d . 

The categories of the corresponding perverse sheaves ¥ G ^(C d {M (F)) and P(C d (M(F)) are 
defined as above. Namely, first for r > define 

B G(<D) ( r C d (M(F))) 

as follows. For N > r take n > 2iV and consider the stack quotient r C(N,NM)/G(0/t ri ). We 
have the line bundle, say An on this stack whose fibre at L is det(M/M(—N)) (g) detL. Here 
L C n,nM is a Lagrangian subspace such that Ln (M (—r) / M (— N)) = 0. Write 

( r C( N , N M)/G(0/t r ')J 
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for the gerb of square roots of this line bundle. Let ~D G (o)(r^(N,NM)) denote the category 

B(( r j0( N>N M)/G(O/t^)J} 

for any n > 2N (we have canonical equivalences exact for the perverse t-strucures between such 
categories for various r\). 

Assume N\ > N > r and r\ > 2N\. For the projection 

V : r £( NliNl M)/G(G/fi) -> r C{ N)N M)/G{0/f J ) 
we have a canonical Z/2Z-graded isomorphism p*A.jst—*Ani- This yields a transition map 

( r C( m>Nl M)/G(0/f )J- -» ( r C( N , N M)/G(0/f 1 )r 

The corresponding inverse image yields a transition functor 

D G (0)(ri(jv,JvM)) - D G(0) ( r £( WliNl M)) (16) 

exact for the perverse t-structures (and a fully faithful embedding) . We define P) G (o) ( r Cd{M(F))) 
as the inductive 2-limit of V) G ^{ r C{N,NM)) as TV" goes to plus infinity. 
For N > r' > r and r% > 2N we have an open immersion 

j : ( r £( N , N M)/G(0/fi)yc ( r ,£( NjN M)/G(0/t n )J 

hence the *-restriction functors 

j* : D G(0) ( rl £( N , N M)) - D G(0) ( r £( w , w M)) 

compatible with the transition functors f)16[) . Passing to the limit as ./V goes to plus infinity, we 
get the functors 

j r % : D G{0) ( r ,£ d (M(F))) - D G(0) ( pJ C d (M(F))) 

Define D G ( C) )(i2 ( i(M(i ? ))) as the projective 2-limit of D G (Q)( r £rf(M(F))) as r goes to plus infinity, 
and similarly for P G (o)(£d(M(.F))). 

Along the same lines one defines the categories P(Cd(M(F))) and D(£d(M(F))). 

5.4 Metaplectic GROUP Let A G be the line bundle on the ind-scheme G(F) whose fibre at g 
is det(M : gM). Write G(F) -> G(F) for the gerb of square roots of A G . The stack G(F) has 
a structure of a group stack. The product map m : G(F) x G(F) — > G(F) sends 

(^i,Bi,<ri : det(M : 5l M)), (g 2 ,B 2 ,a 2 : i3 2 2 ^ det(M : g 2 M)) 

to the collection (gig 2 ,B,a : B 2 ^ det(M : g\g 2 M), where B = B\®B 2 and a is the composition 

{Bi <g> B 2 ) 2 ai ^ 2 det(M : gi M) det(M : g 2 M) ld ^ 91 det(M : g x M) ® det( gi M : gig 2 M) 

=J det(M : 5152M) 
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Informally speaking, one may think of the exact sequence of group stacks 

1 - S(M2) - - G(F) - 1 

We also have a canonical section G(0) — ► G(F) sending 51 to 

= fc.id : £ 2 ^ det(M : M)) 

The group stack G(F) acts naturally on £ d (M(F)), the action map x C d (M(F)) -> 

C d {M{F)) sends 

:£ 2 ^det(M: 5 M)),(L,£ 2 ,a 2 : det(M : L)) 

to the collection (gL,B), where £> = £>i ® £> 2 is equipped with the isomorphism 

(Bi ® £ 2 ) 2 CT1 ^ 72 det(M : gAf ) ® det(M : L) id 4 9 det(M : gM) ® det( 5 M : 5 L) det(M : 5 L) 

5.5 For 5 G and a c-lattice i? C R 1 - in M(F) we have an isomorphism of symplectic spaces 

g : R L I (gR) ± / gR. For each c-lattice R\ C R we have a diagram 

C(Rt/Ri) R ^ CigRi/gR^gR 
i p i v 

£{R^/R) C(gR ± /gR) 

Let be the (Z/2Z-graded purely of degree zero) line bundle on C(R^/R±)r whose fibre at 
L is detL ® det(M : Assume that <j = (g,B,B 2 ^ det(M : #M)) is a fc-point of G(F) over 
51. It yields a diagram 

ZiRi/R^K d ZigRi/gR^gR 
I p i p 

Z(R ± /R) =f Z(gR ± /gR) 

Here the top horizontal arrow sends {L,Bi,B\ -> detL®det(M : i?i)) to 

(gL,B 2 ,cr : B\^ det (5L) <g> det(M : £?i?i)), 

where £> 2 = £>i <g> 23 and a is the composition 

(Bi £) 2 ^ det L ® det(M : <g> det(M : 5 M) 

det(pL) (8) det(#M : ® det(M : gM)^ det(gL) ® det(M : 

In the limit by i?i the corresponding functors 5* : P(C(gR^ /gRi) g R)^P(C(R^ /Ri)r) yield an 
equivalence 

5* : P(Z d (M(F)) gR )^P(Z d (M(F)) R ) 
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Taking one more limit by the partially ordered set of c-lattices R, one gets an equivalence 

g* : V{C d {M(F)))^V(Z d {M(F))) 
In this sense G{F) acts on P(£ d (M(F))). 

6. Canonical interwining operators: local field case 

6.1 Keep notations of Section 5. Write H = M © for the Heisenberg group defined as in 
Section 2.1, this is a group scheme over SpecO. 

For L G C d {M(F)) we have the subgroup L = L © 0(F) C H(F) and the character \L '■ 
L — > given by xl(7, a) = x( a )- Here x : 0(F) — ► Q| sends a to ^(Reso). In the classical 
setting we let Hl denote the space of functions / : H(F) — > (Q>£ satisfying 

CI) /(ffc) = xdl)f(h), for h E H,l & L; 

C2) there exists a c-lattice 22 C M(F) such that f(h(r,Q)) = f(h) for r £ R,h £ H. 

Note that such / has automatically compact support modulo L. The group 22(F) acts on Hl 
by right translations, this is a model of the Weil representation. Let us introduce a geometric 
analog of Hl- 

Given a c-lattice R C M(F) such that R C R 1 - write 2Jr = {R ± /R) © for the Heisenberg 
group corresponding to the symplectic space R ± /R. If L G £d(M(F))R then L# := L n 22 -1 C 
R ± /R is lagrangian. Set = © C 22^. Let xl,r '■ Lr — > Q| be the character sending 
(Z, a) to VK a )- Set 

W Lfl = {/ : 22* -> | /(I/i) = XL,R(T)f(h), h G fffl.Z G Z fi } 

Lemma 7. There is a canonical embedding : Hl r Hl whose image is the subspace of 
those f G Hl which satisfy 

f(h(r,0))=f(h) for r£R,h£H (17) 

Proof Set 

'H Lr = {</> : R ± /R - Q< | 0(r + = x(^w(r, 0)0(0, r ^ 22^/22, J G 

We have an isomorphism Hl r —*'Hl r sending / to (j> given by <j)(r) = f(r, 0). Given / G 
satisfying (fT7|) . we associate to / a function <\> G 'T~Ll r given by 

0(r) = gl dim/?± / fi /(r,0) 
for r G 22 . This defines the map Tk. □ 
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Assume that S C R C M(F) are c-lattices and R H L = 0. Remind the operator TLl r — > 
Hl s given by (fT3|) . it corresponds to the isotropic subspace R/S C S /S. The composition 

T L S r| r 

Wl h — >■ Wl s — * Hl equals T^. 

The geometric analog oiTii is as follows. For a c-lattice i? such that RFi L = and i? C i? -1- 
we have the category TCl r of perverse sheaves on Hr which are (Lr, XL,_R)-equivariant, and the 
corresponding category DTCl r . For S C R as above we have an (exact for the perverse structure 
and fully faithful) transition functor (|14|) . which we now denote by 

T S,R '■ VTi LR -> DW Ls 

Define TLl (resp., DHl) as the inductive 2-limit of TLl r (resp., of T}TLl r ) over the partially 
ordered set of c-lattices R such that R n L = and i? C R . So, is abelian and DW^ is a 
triangulated category. 

6.2 Let -R C i?^ be a c-lattice in M(F). We have a projection 

£ d (M(F)) B -> Z^/i?) 

sending L to Lr. Let be the Z/2Z-graded purely of degree zero line bundle on C(R ± /R) 
whose fibre at L\ is detLi <S> det(M : R). Write C(R ± /R) for the gerb of square roots of Ar. 
The restriction of Ar to C,i(M(F))r identifies canonically with Ad- The above projection lifts 
naturally to a morphism of gerbs 

Z d (M(F)) R -> £(R ± /R) (18) 

Given Appoints A°,L° £ C d (M(F)) we are going to associate to them in a canonical way a 
functor 

F N o >L o :DH L ^DH N (19) 

sending TLl to Wat. To do so, consider a c-lattice i? C in M(F) such that L, N € C d (M(F))R. 
Write Ajj, L R £ C(R- L /R) for the images of A and L° under (I18p . By definition, the enhanced 
structure on Lr and Nr is given by one-dimensional vector spaces Bl,Bn equipped with 

Bl^Z detL R ®det(M : R), B 2 N ^ det Nr ® det(M : R), 

hence an isomorphism B 2 ^ det Lr (g) det Nr for B :=Bl® £>tv ® det(M : i?) _1 . We denote by 

3~n r ,l r '■ VTL Lr -> DH Nr 

the canonical interwining functor defined in Section 3.5 corresponding to (Nr, Lr,B) E Y, here 
Y = C(R ± /R) x C(R- L /R). The following is an immediate consequence of Proposition (2) 

Proposition 4. Let S C R C R L <Z S 1 be c-lattices such that L°,N° £ Z d (M(F)) R . Then the 
following diagram of categories is canonically 2- commutative 

rpL 

DTLl r — > DHl s 

n w l r n s' l s 

rpN 

BTLn r — > BTCns 
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Define (fl~9j) as the limit of functors Fn r ,l r over the partially ordered set of c-lattices R C R ± 
such that L,N G C d {M(F)) R . As in Section 3.5, one shows that for L°,N°,R° G Z d {M(F)) 
the diagram is canonically 2-commutative 

Our main result in the local field case is as follows. 
Theorem 2. For each k-point L° G C d (M(F)) there is a canonical functor 

T L , : DH L D(£ d (M(F))) (20) 
sending Hi to P(C d (M(F))). For a pair of k-points (L°,N°) in C d (M(F)) the diagram 

DH L ^ D(£ d (M(F))) 

i F N o L o / F N o ( 21 ) 
BH N 

is canonically 2-commutative. Let W{C d (M{F))) be the essential image of 

F L0 : H L -» P(£ d (M(F))), 

this is a full subcategory independent of L°. Besides, W{C d {M{F))) is preserved under the 
natural action of G(F) on P(Z d (M(F))). 

We will refer to W{C d (M{F)) as the non-ramified Weil category on C d {M(F)). Remind that 
in the classical setting 

Hi = Ti.L,odd © T~tL,even 

is a direct sum of two irreducible representations of the metaplectic group (consisting of odd 
and even functions respectively). The representation Hi t0dd is ramified, whence Hi fiVe n is not. 
The category W(C d (M(F))) together with the action of G(F) is a geometric counterpart of the 
representation Hi^ even . The proof of Theorem [2] is given in Sections 6.3-6.4. 

6.3 Let L° be a fc-point of Z d {M(F)). Let R C R^ be a c-lattice with L n R = 0. Write L° R for 
the image of L° under (|18f) . Applying the construction of Section 3.6 to the symplectic space 
R ± /R with L° R G C(R ± /R), one gets the functor 

•F l° r ■■ VH Lr -+ D(C(R ± /R)) 

If iV is another fc-point of C d (M(F)) R then writing N R for the image of iV° in C(R?~ /R) 
we also get that the diagram 

VH Lr B{C{R l /R)) 
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is canonically 2-commutative. 
Let now 

R T L o : DH Lr - D(Z d (M(F)) R ) 
denote the composition of J~l° r with the (exact for the perverse t-structures) restriction functor 

V){C{R L /R)) -> D(£ d (M(F)) /? ) for the projection (fTHj). 

Let 5 C i? be another c-lattice. As in Section 5.3, for the open immersion js,R '■ ^d{M{F))R 
C d (M(F)) s we have the restriction functors : B(£ d (M(F)) s ) -► D(£ d (M(F)) R ). 

Lemma 8. TTte diagram of functors is canonically 2-commutative 

DH Lr D(C d (M(F)) R ) 

I t s,r T is,jj 

DW Ls S ^ L ° D(C d (M(F)) s ) 

Proof We have an open immersion j : C(S ± /S)r ► C(S ± /S) and a projection Pr/s '■ 
C(S ± /S) R ) -► £{R L /R). Set = (Q £ [l](±)) dim - rel ^/s). It suffices to show that 

the diagram is canonically 2-commutative 

VH Lr $ D&R-L/R)) P ^i S D(£(S ± /S) R )) 

i Tin / 

DH Ls $ T>(Z{S^/S)) 

This follows from Lemma [5j □ 

Define Tip R '■ ^>1~Ll r - » ^(Cd(M(F))) as the functor sending K\ to the following object K2. 
For a c-lattice S C R we declare the restriction of K2 to C d (M(F))s to be 

By Lemma the corresponding projective system defines an object -K2 of D(£ ( i(M(i ? ))). 
Finally, for S <Z R with i? n L = the diagram 

DH Lr T ^4 R B(£ d (M(F))) 

is canonically 2-commutative. We define (|20p as the limit of the functors Tip r over the partially 
ordered set of c- lattices R C R^ such that L n R = 0. The commutativity of (|21jl follows from 
the commutativity of (|22p . 

Definition 4. The non-ramified Weil category W(C d (M(F))) is the essential image of the 
functor Tip : TLl — ► P(£ ( i(M(i ? ))). It does not depend on a choice of a fc-point L° of C d {M(F)). 
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6.4 Let R C R 1 " be a c-lattice in M(F), let g G G^i* 1 ) be a /c-point, write 5 for its image in 
G(F). As in Section 5.5, we have an isomorphism g : HR—^HgR of algebraic groups over k 
sending (x,a) G (R^/R) X A 1 to (gx,a) G {gR ± /gR) x A 1 . For L G C d (M(F)) R it induces an 
equivalence 

5 : T-C LR ^H gLgR 

If L° G £d{M(F))n is a fc-point then the G-equivariance of .F implies that the diagram is 
canonically 2-commutative 

Is 
KgLgR 

This, in turn, implies that the diagram 

H Lr ^ P(Z d {M(F))) 
I 9 Is 

^-' 9fl P(C d {M(F))) 

Thus, Theorem [2] is proved. 

6.5 Theta-sheaf Let L G £^(M(F))m, this is equivalent to saying that L C M(F) is a 
lagrangian d-lattice such that L © M = M(F). Then the category Hl m has a distinguished 
object £.0 on A 1 = FLa/. Write Sl for its image under TLl m — ► Hi- The line bundle ^ over 
Cd{M{F))M is canonically trivialized, so L has a dintinguished enhanced structure 

(L,B) = L° e£ d (M(F)) M , 

where B = is equipped with id : £> 2:= > det(M : L). The theta-sheaf Sm(f) over £d{M{F)) 
is defined as Ti,o{S£). It does not depend on L G £d(M(F))M in the sense that for another 
N G Cd(M(F))M the diagram OTj) yields a canonical isomorphism J : l o(Sl)—*J : 'n (Sn)- The 
perverse sheaf Sm(f) has a natural G(0)-equivariant structure. 

6.6 Relation with the Schrodinger model 

Assume in addition that M is decomposed as ?7ffii7*(g>Q, where J7 is a free 0-module of rank 
d, both £/ and ?7* ® are isotropic, and the form u; : A 2 M — > f2 is given by u*) = (u, u*} for 
u G f7, u* G U* © 0, where (•, •) is the natural pairing between U and {7*. Let U = U(F) © Q(F) 
viewed as a subgroup of H(F), it is equipped with the character xu '■ U — > Q| given by 
Xc/(u,a) =V'(Resa), a G Q{F),u G C/(F). Write 

Shn/ = {/ : H(F) - Q £ I = X u(u)f(h), ueU,he H(F), f is smooth, 

of compact support modulo f7}, 



P(£(i? ± /i?)) 

Is 

PiCigR^/gR)) 
is 2-commutative 
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H(F) acts on it by right translations. This is the Schrodinger model of the Weil representation, 
it identifies naturally with the Schwarz space S(U* (8 £l(F)). 

Remind the definition of the derived category D(U* (g> and its subcategory of perverse 
sheaves P(U* (8 f2) given in Section 4). For N,r £ Z with N + r > we write N,rU = 

t~ N U/t r U. 

For JVi > N2 , r\ > r2 we have a diagram 

N 2>r2 (U* (8 Jl) £ N 2 ,n(U* Ni,n(U* <8 O), 

where p is the smooth projection and i is a closed immersion. We have a transition functor 

DGv 2 ,r 2 (£T ® 0)) -► B( Nuri (U* ® 0)) (23) 

sending K to iip*^® (Q4l](^)) dim ' rel ( p - ) , ^ i s f un Y faithful and exact for the perverse t-structures. 
Then D(£7* <8 tt{F)) (resp., P(£7* <8 S1(F))) is defined as the inductive 2-limit of B( N>r (U* <8 0)) 
(resp., of P(Ar, r (f7* (8) 0))) as r, Af go to infinity. The category P(U* (8 fi(-F)) is the geometric 
analog of the space Shrj/. 

In this section we prove the following. 

Proposition 5. For each k-point L° £ Cd(M(F)) there is a canonical equivalence 

F u{F)tL0 : D(U* (1(F)) -> DH L (24) 

which identifies P(U* (8) fi(.F)) u>i£/i £/ie category TLl- For L°,N° 6 Cd(M(F)) the diagram is 
canonically 2- commutative 

D{u*®n(F)) Tu( ^' L ° DH L 

1 -^U(F),N° y ^iO.W 

For N > consider the c-lattice -R = t N M in M(F) and the corresponding symplectic space 
R ± /R = n,nM. Set JTr := n,nU £ £{n,nM). We have the line bundle .An on C(n,nM) whose 
fibre at L is det(o,ArM) (8 det L. As above, C(n,nM) is the gerb of square roots of An- Let 

[/£ = (U R ,det( , N U)) e £(at,jvM) 

equipped with a canonical Z/2Z-graded isomorphism det(o,Ar£/) 2 ^ det Ur (8 det(o,./vM). 

Let -ffij = n,nM x A 1 denote the corresponding Heisenberg group, it has the subgroup 
Ur = JTr x A 1 equipped with the character xu,R '■ Ur — > given by Xc,i?( w ) a ) = ''K )) a £ A 1 . 
In the classical setting, W[/ H is the space of functions on Hr, which are (Ur, X!7,i?)-equivariant 
under the left multiplication. Set Shr§ = {/ e Shr^ | f(h(r,Q)) = f{h),r £ R,h£ H}. 

Lemma 9. In the classical setting there is an isomorphism 

Shv§^n UR (25) 
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Proof Write H' Ur = W : R ± /R | <^(m + u) = ^(|(m, u))<j)'{m), u G Efo}. We identify 

T~tu R —*T~Vu R v ^ a * ne ma P ^ l— ^ wnere <P'(jn) = 0(m, 0). Given / G Shr^ for m G t~ N M the 
value /(m, 0) depends only on the image m of m under t~ N M — ► n jyM. The isomorphism (|25[) 
sends / to 0' G gi ven by </>(m) = /(m, 0). □ 

In the geometric setting is the category of (C/r, xr/,i?)-equivariant perverse sheaves on 
Hr. We identify it with P(n,n(U* <g> O)) as follows. Let m[/ : [7r x n,n(U* 8 0)^ flj? be the 
isomorphism sending (u,h) to their product uh in i2#. The functor D^aK^* (X 1 ^)) — ► DTCu R 
sending K to 

is an equivalence (exact for the perverse t-structures). 

Let N' > N and S = t N M. The corresponding transition functor (I23j) now yields a functor 
denoted rJJ fl : DH Ur -> DW^. 

Let L° G C d {M(F)) be a fc-point over L G Cd{M(F)). Assume that iV is large enough so 
that LPiR = 0. Let denote the image of L° under (HBJ. Define L| G £(<S , - L / 5 ') similarly. 

Lemma 10. T/ie diagram is canonically 2- commutative 

rpU 

Proo/ Set = t N 'U ®t N (U* The subspace W/5 C 5 x /5 is isotropic, and ?7 5 n (W/S) = 

Ls n (W/S) = 0. Write Hw = (W 1 - /W) x A 1 for the corresponding Heisenberg group. Set 
Uw = Us PI (M /± /5'), Lv^ =isH (W A - L /5'). Applying Proposition [21 we get a 2-commutative 
diagram 

T sw 

L W' U W L S' U S 

Now R/W C W^/VP is an isotropic subspace, and R/W C U w , R/W n = 0. Note that 
JTr = Uw I '(R/W). Applying Proposition EJ we get a 2-commutative diagram 

rpU 



| ^,0 rrO | ^,0 



Our assertion easily follows. □ 
Proof of Proposition [5| 
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Passing to the limit as N goes to infinity, the functors J- L o jjo : T)TCu R DH.l r from Lemma [TPl 

Ft 1 R 

yield the desired functor (|24p . The second assertion follows by construction. □ 
Definition 5. Let : D(f7* 0(F)) -> D(£ d (M(F))) denote the composition 

B(U* ® 0(F)) ^ ( 4' i0 DW L ^4° D(£ d (M(F))) 

By Theorem [2] and Proposition [SJ it does not depend on the choice of a fc-point L° G Cd(M(F)). 
By construction, J-"urp\ is exact for the perverse t-structures. 

We have a morphism of group stacks GL(U)(F) — ► (5(F) sending g G GL(£/)(F) to (#, $ = 
det(C7 : g£7)) equipped with a canonical Z/2Z-graded isomorphism 

det(M : gM) =J det(C/ : c/C/) (8) det(C7* <g> : g(U* O)) det(C7 : <?£/) 02 

Let GL(C/)(F) act on Cd{M{F)) via this homomorphism, let it also act naturally on U* ® 0(F). 
Then one may show that J^utF) commutes with the action of GL(f7)(F). 

Note also that over GL(£/)(0) the sections GL(U)(F) -> (5(F) and (7(0) -» (5(F) are 
compatible. 

7. Global application 

7.1 Assume algebraically closed. Let X be a smooth connected projective curve. Let O be 
the canonical invertible sheaf on X. Let G be the group scheme over X of automorphisms of 
0\ © O d perserving the symplectic form A 2 (C^ © O d ) — ► O. 

Write Bung for the stack of G-torsors on X, it classifies a rank 2d-vector bundle M on X 
together with a symplectic form f\ 2 M. — ► O. Let .4 be the (Z/2Z-graded purely of degree zero) 
line bundle on Bung whose fibre at A4 is detRT(X, M). Write Bung? for the gerb of square 
roots of A over Bun^. 

Remind the definition of the theta-sheaf Aut on Bung ([10]. Definition 1). Let jBun G ^ 
Bun G be the locally closed substack given by dimH°(X, M.) = i for M. € Bun G . Write , Bun G 
for the restriction of Bun G to jBun<3. 

Let iB be the line bundle on $ Bun G whose fibre at M. G jBunc is detH°(X, M), we view 
it as Z/2Z-graded of degree i mod 2. For each i we have a canonical Z/2Z-graded isomorphism 
iB 2 ^A, it yields a trivialization , Bung- ^jBunc x B(fi2). 

Define Aut g G P(Bunc (resp., Aut s G P(Bunc)) as the intermediate extension of 

(resp., of (Qt W) © (<Ml](±) dimBuilG ~ x ) under iBun G Bun G . Set Aut = Aut 9 © Aut s . 
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7.2 Fix a closed point x £ X. Write O x for the completed local ring of X at x, F x for its 
fraction field. Fix a G-torsor over SpecC^, we think of it as a free O^-module M of rank 2d 
with symplectic form A 2 M — > r2(O x ) and an action of G(O x ). We have a map 

: Bun G - C d (M(F x ))/G(O x ), 

where £ d (M(F x ))/G(O x ) is the stack quotient. It sends M. £ Bun G to the Tate space A4(F X ) 
with lagrangian c-lattice M(O x ) and lagrangian d-lattice H°(X -x,M). 

The line bundle .A d on C d (M(F x ))/G(O x ) is that of Section 5.3. Write C d (M(F x ))/G(O x ) 
for the gerb of square roots of A d - 

We have canonically QA d —>A, so £ lifts naturally to a map of gerbs 

i x : Bun G -> ^(M^JJ/GCO,) 

For r > let rx Bun G C Bun G be the open substack given by E°(X,M(-rx)) = 0. Write 
rx Bun G for the restriction of the gerb Bun G to rx Bun G . If r' > r then rx Bung- C r 'x Bun G is 
an open substack, so we consider the projective 2-limit 

2— lim D ( rx Bun G ) 

r— ioo 

Note that 2— linv^oo P( ra .Bun G ) ^ P(Bun G ) is a full subcategory in the above limit. Let us 
define the restriction functor 

ll ■ B G{0) (C d (M(F))) -> 2-limD( ra Bun G ) (26) 

r— >oo 

To do so, for N > r > and r\ > 2iV let 

Civ : ra Bun G -» r C( N , N M)/G(0/f l ) (27) 

be the map sending M. to the lagragian subspace R°(X,M(Nx)) C tv.tv-M- If JVi > N > r and 
r\ > 2N\ then the diagram commutes 

ra Bun G H r £( N , N M)/G(0/t r i) 

\ 6vi T p 

r CiN ltNl M)/G{0/t^) 

It induces a similar diagram between the gerbs (cf. Section 5.3 for their definition) 

ra Bun G H ( r £( NjN M)/G(0/t^)J 
\ Cw, T 

( r £( 7Vl ,iv 1 M)/G(0/^)r 

The functors K i-> f^iT (Q£[l](±)) dim - reltev) from D G(c , ) ( r £( A r iiV M)) to D( ra Bun G ) are com- 
patible with the transition functors, so yield a functor 

rC : B G(0) ( r C d (M(F))) - D( ra Bun G ) 

Passing to the limit by r, one gets the desired functor (|26|) . 
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Theorem 3. The object £,x^M(F x ) ^es in P(Bun G ) ; and there is an isomorphism of perverse 
sheaves 

Proof For r > consider the map 

ir : ra Bun G -> {C{ r>r M)/G{0/t 2r )J 

Set y = C(r^M) x £( rjr M). Write 3* for the stack quotient of F by the diagonal action 
of Sp( r)r M). Let Ay be the Z/2Z-graded purely of degree zero line bundle on y with fibre 
detLi <g> detL2 at (Li,^)- Write 3^ for the gerb of square roots of Ay over y. The map 
C( rtr M) — ► Y" sending Li to (o,r-^> ii) £^ yields a morphism of stacks 

p : (£( r , r M)/G(0/t 2r )r- y 

Write S r r M for the perverse sheaf on y introduced in (Section 3.2, Definition [T]) . Set t = po^ r . 
It suffices to establish for any r > a canonical isomorphism 

r*S r>rM ® (Q4l](^)) dim - rel(r) ^ Aut (28) 

over rx Bun G . 

Remind that Yi C Y is the locally closed subscheme given by dim(Li n L2) = i for [L\, L 2 ) 6 
y. Let 3^ be the stack quotient of y by the diagonal action of Sp( rjJ .M), set 3^ = 3i x y Set 

Bun G = ra Bun G n j Bun G and rx>i Bun G = ra Bun G n { Bun G 

For each i the map r fits into a cartesian square 

rx,i Bun G -4 

A- T 1 

ra Bun G y 

Indeed, for M. 6 r£ Bun G the space H°(A, .M) equals the intersection of M./Ai(—rx) and 
B°(X, Ai(rx)) inside M.{rx)/M{— rx). By ([TO], Theorem 1), the *-restriction of Aut to 
i Bun G j Bun G x B(ij, 2 ) identifies with 

(Q«BIW)®(Q<[l](i)) diiaBunG - i 

Simialrly, by (|10|. Proposition 1 and 5), the *-restriction of Sm to >3i x B{n2) identifies 
with 

Since the map Tj is compatible with our trivializations of the corresponding gerbs, we get the 
isomorphism (|28|) over rai j Bun^ for each i. Since Aut is perverse, this also shows that the LHS 
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x 3 -» 


C 3 




1 TC 


#L -> 


X £(r,rM) 


I 


I Try 


AT A 





of ([28]) is placed in perverse degrees < 0, and its *-restriction to <2 Bung is placed in perverse 
degrees < 0. 

The map r is not smooth, we overcome this difficulty as follows. Let us show that the LHS 
of ([28]) is placed in perverse degrees > 0. Consider the stack X classifying (A4,B) £ ra Bun(j 
and a trivialization 

•M | Spec O x /t% r — >M | Spec Ox/t*" 

of the corresponding G-torsor. Let v : X — > Y be the map sending a point of X to the triple 
(M/M-(—rx),H°(X,M(rx)),B). Define X\ and A3 by the cartesian squares 



U 



Using ([7]), we get an isomorphism 

n*T*S r:rM ® (Q4i](^)) dim - rolM+dim - rel(T) ^(^ 3 )!f ® (Q£[i](^)) dim * 3 

for some rank one local system f on ^3. Here fj, : X\ — > rx Bung is the projection, it is smooth. 
Since nx 3 is affine and X3 is smooth, the LHS of (i28l) is placed in perverse degrees > 0. 

Thus, there exists an exact sequence of perverse sheaves — > K — > — > Aut -» on 
rx Bunc, where K\ = r*S r r M®(Q<[l](5 )) dim - rel ( T ) ) anc i 2f j s the extension by zero from <2 Bunc. 
But we know already that iCi and Aut are isomorphic in the Grothendieck group of rx Bung-. 
So, K vanishes in this Grothendieck group, hence K = 0. We are done. □ 
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